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Abstract
We discuss the properties of hadronic fluctuations, i.e., fluctuations of net quark and isospin numbers as well as electric charge, in the vicinity
of the QCD transition in isospin-symmetric matter at vanishing quark chemical potential. We analyse second- and fourth-order cumulants of these
fluctuations and argue that the ratio of quartic and quadratic cumulants reflects the relevant degrees of freedom that carry the quark number,
isospin or charge, respectively. In the hadronic phase we find that an enhancement of charge fluctuations arises from contributions of doubly
charged hadrons to the thermodynamics. The rapid suppression of fluctuations seen in the high-temperature phase suggests that in the QGP, net
quark number and electric charge are predominantly carried by quasi-particles, with the quantum numbers of quarks.
 2005 Elsevier B.V. Open access under CC BY license.1. Introduction
In a medium of strongly interacting elementary particles,
described by equilibrium thermodynamics of quantum chromo-
dynamics (QCD), the transition between the low-temperature
hadronic and high-temperature quark–gluon phase occurs in a
small temperature interval and leads to a rapid change in en-
tropy and energy density. Although it is, most likely, that this
transition is not a true phase transition, but rather a smooth
but rapid crossover, it is expected that this transition leads to
large fluctuations of energy and net quark number densities.
In fact, lattice studies of various hadronic susceptibilities, such
as net quark number, isospin or charge susceptibilities, show
that quadratic fluctuations of these quantum numbers increase
rapidly in the transition region [1,2]. These susceptibilities con-
tinue to grow also above the transition temperature, Tc, and
come close to the ideal-gas value at temperatures T  2Tc. Be-
low Tc bulk thermodynamics as well as the generic structure of
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Open access under CC BY license.susceptibilities is found to be in good agreement with properties
of a hadronic resonance gas [3].
Recent lattice studies of 2-flavour QCD at non-zero quark
(µq) and isospin (µI ) chemical potential [4–7] have sustain
that higher-order derivatives of the QCD partition function
(generalised susceptibilities), show even more pronounced vari-
ations with temperature in the vicinity of the QCD transition
temperature. In particular, the fourth-order derivatives with re-
spect to µq,I , or equivalently with respect to the corresponding
up and down quark chemical potentials (µu, µd ), have pro-
nounced peaks at the transition temperature. As a consequence
quark number fluctuations calculated at non-zero µq increase
with increasing values of µq and develop a cusp along the tran-
sition line. This is in agreement with expectations based on
the (mean-field) analysis of quark number fluctuations in sigma
models [8] as well as NJL models [9]. These models share the
relevant O(4) symmetry with 2-flavour QCD, and give some
hint for the existence of a second-order phase transition point
in the QCD phase diagram at some non-zero value of the quark
chemical potential. In this Letter we will, however, concen-
trate on a discussion of hadronic fluctuations at vanishing quark
chemical potential. This is a regime of the QCD phase diagram
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as future experiments at the LHC.
Lattice calculations of bulk thermodynamics, e.g., of the
equation of state, as well as studies of generalised susceptibili-
ties, show significant deviations from the ideal-gas behaviour
for a rather large temperature range above Tc . In particular,
the equation of state shows sizeable deviations from the ideal-
gas relation,  = 3p, up to T  (3–4)Tc. This is in line with
recent experimental findings that hint at the formation of a
strongly interacting medium in heavy-ion collisions at RHIC
energies [10].
It has been recently argued that this strongly interacting
medium may, in fact, consist of a large set of heavy coloured
bound states, which could exist in a temperature interval Tc 
T  (1–2)Tc [11,12]. The so-called sQGP model suggests that
these bound states can contribute as much as 20% to the pres-
sure in the high-temperature phase of QCD. Such states clearly
will also contribute to hadronic fluctuations. We will discuss
here to what extent fluctuations of such states are consistent
with lattice results on quark number and charge fluctuations in
the QGP.
In the next section we will give a definition of the observ-
ables we are going to analyse and present the lattice results we
are going to discuss in the following sections. In Section 3 we
discuss the properties of quadratic and quartic fluctuations in
the vicinity of the QCD transition temperature. Section 4 is de-
voted to a discussion of hadronic fluctuations in the low- and
high-temperature phases of QCD. Section 5 contains our con-
clusions.
2. Hadronic fluctuations at µB = 0
Quark number as well as charge and isospin fluctuations are
obtained from the grand canonical partition function of QCD
through appropriate combinations of derivatives with respect to
quark chemical potentials. As we will concentrate here on a
discussion of their properties at finite temperature and vanish-
ing quark chemical potential in 2-flavour QCD, we will use the
QCD partition function with non-vanishing up and down quark
chemical potentials only as a tool to generate the derivatives of
interest. After having done so the chemical potentials will be
set to zero.
The pressure of a thermodynamic system is directly related
to the grand canonical partition function:
(1)P(V,T ,µu,µd) = T
V
lnZ(V,T ,µu,µd),
where µu and µd are the chemical potentials for up and down
quarks, respectively.
The fluctuations of quark number, isospin and charge as well
as expectation values of higher-moments of these observables
can be obtained from generalised susceptibilities [6,7,13]:
(2)χn,m = ∂
n+mP
∂µnu∂µ
m
d
.
These susceptibilities, evaluated for vanishing quark chemical
potentials, define the coefficients of a Taylor series for the pres-sure expanded simultaneously in terms of µu and µd . In the fol-
lowing we will consider only the mass-degenerate case (mu =
md) for which the susceptibilities are symmetric, χn,m = χm,n.
Recent lattice calculations have shown that the fourth deriva-
tives, χ4,0, as well as the off-diagonal susceptibilities, χ2,2,
become large in the vicinity of the transition temperature [6].
Quartic fluctuations thus seem to be particularly sensitive to de-
tails of the transition to the high-temperature phase.
Fluctuations of net quark (Nq = Nu + Nd), isospin
(NI = Nu − Nd) and charge (Q = 23Nu − 13Nd) num-
bers, with Nu,d = Nu,d − N¯u.d denoting the difference of
quarks and antiquarks, are conveniently discussed in terms of
quark and isospin chemical potentials:
(3)µq = µu + µd2 , µI =
µu − µd
2
.
Charge fluctuations can then be obtained from appropriate com-
binations of derivatives with respect to µu,d or µq,I , respec-
tively:
(4)∂
µQ
≡ 2
3
∂
∂µu
− 1
3
∂
∂µd
= 1
6
∂
∂µq
+ 1
2
∂
∂µI
.
The first two, non-vanishing derivatives with respect to
µq,I,Q then yield
dx2 ≡
1
V T 3
∂2 lnZ
∂(µx/T )2
= 1
V T 3
〈
(δNx)
2〉, x = q, I,Q,
(5)dx4 ≡
1
V T 3
∂4 lnZ
∂(µx/T )4
= 1
V T 3
(〈
(δNx)
4〉− 3〈(δNx)2〉2).
We note that the derivatives of the partition function with re-
spect to µq are directly related to the expansion coefficients
ck calculated in Refs. [5,6]. Furthermore, dI2 is related to the
expansion coefficient cI2 , while d
Q
2 can be obtained from a
combination of c2 and cI2 , which were obtained also in these
references.
As is evident from Eq. (4) charge fluctuations can easily
be expressed in terms of corresponding fluctuations in quark
and isospin (or net up and down quark) numbers. While the
quadratic charge fluctuations are entirely determined by the cor-
responding quark number and isospin fluctuations, the quartic
charge fluctuations are also sensitive to correlations between
δNq and δNI . They thus provide independent information:
d
Q
2 =
1
62
(
d
q
2 + 9dI2
)
,
(6)
d
Q
4 =
1
64
[
d
q
4 + 81dI4 + 54
(〈
(δNq)
2(δNI )
2〉− 3〈δNqδNI 〉2)].
In Fig. 1 we show the two independent second-order cumulants
d
q
2 and d
I
2 . They are directly proportional to the coefficients c2
and cI2 calculated in Refs. [5,6]. The three fourth-order cumu-
lants1 are shown in Fig. 2.
1 These results are based on fourth-order derivatives of the pressure calcu-
lated in Refs. [5,6].
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Fig. 2. Fourth cumulant of the quark (top, left) and isospin (top, right) number fluctuations as well as the fourth cumulant of the charge fluctuations (bottom).While the second-order cumulants show the well-known
continuous increase towards the high-temperature ideal-gas
value, the fourth-order cumulants clearly have a pronounced
peak at the transition temperature and exceed the ideal-gas
value by more than a factor 4. Here it is worthwhile to note
that the lattice results shown in Figs. 1 and 2 are based on cal-
culations that were performed with still rather heavy quarks,
corresponding to a pion mass of about 770 MeV. Although
we still no have satisfactory understanding of the universalbehaviour of the QCD transition in 2-flavour QCD, the stud-
ies of the quark mass dependence of, for instance, the chiral
susceptibility [14–17] suggest that the peaks in susceptibili-
ties increase with decreasing quark mass. We thus also ex-
pect that the peaks found in fourth derivatives of the pres-
sure will increase with decreasing quark mass. In the next
section we briefly discuss the generic structure of second-
and fourth-order cumulants expected to be found in the chiral
limit.
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In the vicinity of the chiral transition temperature, and for
small values of the quark chemical potentials, the pressure re-
ceives contributions from the analytic Pr and non-analytic Ps
part which eventually gives rise to singularities in derivatives of
the pressure:
(7)P(T ,µu,µd) = Pr(T ,µu,µd) + Ps(t¯, µ¯u, µ¯d),
where we have introduced in the non-analytic part the reduced
temperature t¯ = |T − Tc|/Tc and the dimensionless chemical
potentials µ¯u,d = µu,d/T . Deviations from criticality are con-
trolled by a generalised version of the reduced temperature
variable, which takes into account that the temperature-like di-
rection at non-vanishing quark chemical potential in general
will be a mixture of the couplings t¯ and µq/T . This generalised
reduced temperature has to respect the invariance of the QCD
partition function under exchange of particles and antiparticles
(µq → −µq):
t ≡ t¯ + A(µ¯2u + µ¯2d)+ Bµ¯uµ¯d
(8)= t¯ + (2A + B)µ¯2q + (2A − B)µ¯2I .
The non-analytic part of the pressure may then be written as
(9)Ps(t¯, µ¯u, µ¯d) ∼ b−1fs
(
b1/yt t
)∼ t2−α,
where we have introduced an arbitrary scale parameter b and
where yt = 2−α is the usual thermal critical exponent, which is
related to the critical exponent α. Eq. (9) shows that the critical
behaviour of hadronic fluctuations µu = µd = 0 is controlled
by the critical exponent of the specific heat, α [8]. The con-
tribution of the non-analytic part to second- and fourth-order
cumulants of quark (k ≡ q) and isospin (k ≡ I ) is then given by(
∂2Ps/∂µ
2
k
)
µu=µd=0 ∼ t1−α,
(10)(∂4Ps/∂µ4k)µu=µd=0 ∼ t−α.
For a conventional second-order phase transition with a crit-
ical exponent α > 0 we would thus expect that the fourth-order
cumulants diverge in the chiral limit. However, if the chiral tran-
sition is indeed of second-order we expect it to belong to the
universality class of three-dimensional O(4) symmetric spin
models. In this case the exponent α will be negative, α  −0.21
[18]. The contribution of the non-analytic part will then vanish
at t = 0 and the value of the cumulants at t = 0 will thus be
determined by the analytic part alone. In the vicinity of t = 0
the temperature dependence of the second-order cumulant will
then be dominated by the analytic part. This is in accordance
with the rapid but smooth increase of second cumulants across
the transition temperature. The temperature dependence of the
fourth-order cumulant, however, will be dominated by the non-
analytic part and as α is small the temperature variation will
result in a sharp cusp. This is in accordance with the behaviour
seen in Fig. 2.
If the chiral transition in 2-flavour QCD is of second-order,
we thus expect the second- and fourth-order cumulants to stay
finite at the critical point. This, however, only holds for the crit-
ical point at µq = 0, which we have discussed above. If thetransition in 2-flavour QCD at µq = 0 indeed belongs to the
O(4) universality class, this transition point will be part of a
line of second-order phase transitions at non-zero quark chemi-
cal potential. At a transition point with µq > 0, one would then
expect that already the second-order cumulant of quark num-
ber fluctuations develops a cusp [8] and that the fourth-order
cumulant would diverge.
4. Hadronic fluctuations in a thermal medium
In the previous section we have discussed the qualitative
structure of second- and fourth-order cumulants in the vicin-
ity of the QCD transition temperature. Here we want to look in
somewhat more detail into the temperature dependence of these
cumulants in the low and high-temperature phases of QCD.
In particular, we want to argue that the ratios of fourth- and
second-order cumulants of quark number and charge fluctua-
tions,
(11)Rq4,2 =
d
q
4
d
q
2
, R
Q
4,2 =
d
Q
4
d
Q
2
,
are sensitive observables that allow the identification of the car-
riers of quark number and electric charge in a thermal medium.
We will first discuss this for a hadron gas at low-temperature
and then move on to a discussion of the relevant degrees of free-
dom in the high-temperature phase. This discussion can easily
be extended to the case of isospin fluctuations, which, however,
we will not consider here any further.
4.1. Fluctuations in hadronic matter
We describe the low-temperature phase of QCD in terms of a
resonance gas with free particle dispersion relations for all con-
stituents [3,19]. The resulting pressure, however, also accounts
for interactions between hadrons, to the extent that the thermo-
dynamics of an interacting system of elementary hadrons can
effectively be approximated by that mixture of ideal-gases of
stable particles and resonances [19,20]. The pressure P is then
expressed as a sum over all mesonic and baryonic degrees of
freedom:
(12)P(T ,µu,µd) = PM(T ,µu,µd) + PB(T ,µu,µd).
Using Eq. (3) to replace the up and down quark chemical po-
tentials by µq and µI , the contribution of mesons, baryons and
their resonances belonging to fixed baryon and isovector quan-
tum numbers is obtained from Eq. (12) in compact form. With
the exception of the pion, all hadrons are heavy, with respect
to the temperatures of interest. For these particles quantum sta-
tistics plays no role, and the Boltzmann approximation of the
partition functions is appropriate. This yields, in the meson sec-
tor,
(13)P
M(T ,µI )
T 4
=
∑
i
F (T ,mi) cosh
2I (3)i µI
T
,
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listed in the particle data table,2 I (3)i being the third compo-
nent of the isospin of the species i. The function F(T ,mi) is
the contribution of particles and the corresponding antiparticles
of mass mi with spin degeneracy factor di to the pressure at
vanishing baryon and isospin chemical potential
(14)F(T ,mi) = pi
T 4
= di
π2
(
mi
T
)2
K2
(
mi
T
)
.
For the resonances with the finite width the above equation is
convoluted with the Breit–Wigner resonance shape and is mass
integrated [19].
Neglecting the mass difference between isospin partners, the
meson contribution arises from isospin singlet G(1) (I (3)i = 0)
and triplet G(3) (I (3)i = 0,±1) mesons, respectively. Thus,
(15)
PM(T ,µq,µI )
T 4
= G(1)(T ) + 1
3
G(3)(T )
[
2 cosh
(
2µI
T
)
+ 1
]
,
where the G(i) = ∑k F (T ,mk) with F(T ,mk) as in Eq. (14)
and the sum is taken over all mesonic multiplets carrying
isospin (i).
The contribution to the pressure arising from non-strange
baryons and their resonances is given by
(16)P
B(T ,µq,µI )
T 4
=
∑
i
F (T ,mi) cosh
3µq + 2I (3)i µI
T
,
where the sum is taken over all non-strange baryons that are
listed in the particle data table.
The baryonic part of the pressure (16) receives contribu-
tions from isospin doublet F (2) (I (3)i = ±1/2) and quartet F (4)
(I
(3)
i = (±1/2,±3/2)) baryons, respectively. Again ignoring
the mass differences between isospin partners, the total bary-
onic contribution to the pressure is given by
PB(T ,µq,µI )
T 4
= F (2)(T ) cosh
(
3µq
T
)
cosh
(
µI
T
)
+ 1
2
F (4)(T ) cosh
(3µq
T
)
(17)×
[
cosh
(
µI
T
)
+ cosh
(
3µI
T
)]
,
where F (i), similarly to G(i), are considered as the sum contri-
bution of all non-strange baryon isospin multiplets (i). We note
that only the isospin quartet baryons contain doubly charged
hadrons, which is reflected in the appearance of a term propor-
tional to cosh(3µI/T ).
Within this resonance gas formulation we now can evalu-
ate cumulants of the quark number, isospin and charge in the
2 In order to be able to compare with lattice calculations performed for 2-
flavour QCD, we have neglected the contribution of strange particles to the
hadronic pressure.confined phase of QCD. In fact, by examining the cumulants in-
troduced in Section 2, we can find the contributions of different
hadronic quantum number channels and can establish relations
between the various cumulants. Within the Boltzmann approxi-
mation for the hadron resonance gas, which we have introduced
above, we find
d
q
2 (T ) = 9
(
F (2)(T ) + F (4)(T )),
(18)dq4 (T ) = 81
(
F (2)(T ) + F (4)(T )),
d
Q
2 (T ) =
2
3
G(3)(T ) + 1
2
F (2)(T ) + 3
2
F (4)(T ),
(19)dQ4 (T ) =
2
3
G(3)(T ) + 1
2
F (2)(T ) + 9
2
F (4)(T ).
These equations are valid for isospin-symmetric systems at van-
ishing baryon number density. The corresponding derivatives of
the contributions to the total pressure (Eqs. (13)–(17)) were thus
taken at µI = µq = 0. The resonance gas model leads to sim-
ple relations for the ratios of cumulants of quark number and
charge fluctuations. In particular, we found
(20)Rq4,2 ≡
d
q
4
d
q
2
= 〈(δNq)
4〉
〈(δNq)2〉 − 3
〈
(δNq)
2〉= 9,
which is shown to agree well with the lattice results below Tc
[5,6].
The ratio Rq4,2 is completely insensitive to details of the
hadron spectrum contributing to the resonance gas. In partic-
ular, it reflects the fact that the quark number is carried only by
baryons, i.e., the relevant degrees of freedom either carry net
quark number 0, in which case they do not contribute to Rq4,2,
or 3, in which case they contribute to Rq4,2 with a relative factor
of 32.
This is similar for the ratio of cumulants of charge fluctua-
tions, although we here have to take into account that hadrons
with charge 0,1 and 2 can contribute to the thermodynamics.
The ratio RQ4,2 become sensitive to the relative abundance of
doubly charged hadrons:
R
Q
4,2 ≡
d
Q
4
d
Q
2
= 〈(δQ)
4〉
〈(δQ)2〉 − 3
〈
(δQ)2
〉
(21)= 4G
(3) + 3F (2) + 27F (4)
4G(3) + 3F (2) + 9F (4) .
At low temperature, this ratio is dominated by charge fluctu-
ations in the pion sector, which contributes to G(3). The ratio
will thus approach unity at low-temperatures and monotoni-
cally increase with temperature. This indicates that in the low-
temperature limit all charged degrees of freedom carry one unit
of charge. The ratio RQ4,2 does increase only from contributions
arising from isospin quartet baryons, which can carry charge
Q = 2. In fact, denoting the contribution of all hadrons carry-
ing charge Q = ±n by FQ=n(T ), one can verify that Eq. (21)H
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Q
4,2 are compared
to resonance gas model predictions. In the right-hand figure the model results were obtained with the modified [3] (full line) and physical (dashed-dotted line) mass
spectrum. At high-temperature the asymptotic ideal-gas value is indicated by a horizontal line. The dashed line represents the estimate for the value of the ratios at
T = 1.4Tc in the presence of coloured qq and qg states assuming that the qq states contribute with half their statistical weight as discussed in the text.can be rewritten as3
(22)RQ4,2 =
F
Q=1
H (T ) + 4FQ=2H (T )
F
Q=1
H (T ) + 16FQ=2H (T )
.
Results from lattice calculations for the ratios defined in
Eqs. (20) and (21) are shown in Fig. 3 and are compared with
the hadron resonance gas model. The model predictions for
R
Q
4,2 ratio were obtained with the hadronic mass spectrum [3]
that accounts for unphysical quark mass value used in the actual
lattice calculations.
In the low-temperature phase the lattice results for Rq4,2 and
R
Q
4,2 ratios show a qualitative features expected from a hadron
resonance gas that is: weak temperature dependence of the Rq4,2
ratio and an increase of RQ4,2 ratio when approaching the transi-
tion temperature.
On the quantitative level lattice results on Rq4,2 for T < Tc
are seen in Fig. 3 (left) to be consistent, within statistical errors,
with the hadron resonance gas model. However, the ratio RQ4,2
shows statistically significant deviation from the model results.
The hadron gas model calculation for the RQ4,2 shown in
Fig. 3 contains the systematic errors related to the parametrisa-
tion of the quark mass dependence of the hadron mass spectrum
[3]. To check whether such systematic uncertainties could ac-
count for the observed deviations we show in Fig. 3 (right) also
the model result obtained with the physical hadron mass spec-
trum. It is clear from Fig. 3 (right) that RQ4,2 exhibits only a weak
3 This becomes obvious when one reconstructs the origin of the algebraic
factors appearing in Eq. (19). For instance, the factor 3/2 in front of G(3) indi-
cates that, out of 3 triplet states, 2 carry charge |Q| = 1 and the 3rd state does
not contribute as it carries charge Q = 0. Similarly, the factors 3/2 and 9/2 ap-
pearing in front of the quartet contribution F(4) arise from the fact that, out of
the 4 states, 2 carry charge |Q| = 1, 1 state carries charge Q = 2 and the 4th
state does not contribute as it carries charge Q = 0.dependence on the quark (pion) mass. Changing the pion mass
from 770 MeV, as used in the actual lattice calculations, to its
physical value implies at T  Tc a difference in the RQ4,2 values
that does not exceed 5%. The systematic uncertainties in our
parametrisation of the quark mass dependence of the hadron
mass spectrum thus are not the origin for the observed differ-
ence between lattice results and model calculations. We note,
however, that for the actual lattice results shown in Figs. 1–
3 only statistical errors obtained from a jackknife analysis are
included. Systematic errors arising in particular from the lat-
tice discretisation, finite spatial volumes as well as the use of
still too large quark masses are at present not included. As lat-
tice results and model calculations agree well at Tc where the
correlation length is largest and differ more with decreasing
temperature and correlation length it is quite conceivable that
the difference arises from lattice discretisation errors increase
with decreasing correlation length. Removing these uncertain-
ties in future calculations clearly is important.
Above Tc the Rq4,2 and R
Q
4,2 ratios are seen in Fig. 3 to rapidly
drop and strongly deviate from the resonance gas behaviour. In
fact, already at T  1.5Tc the ratios are close to the correspond-
ing ideal-gas values. In high-temperature perturbation theory
the leading O(g2) corrections to quadratic and quartic cumu-
lants cancel in the corresponding ratios:
(23)Rq4,2(T )
∣∣
pert.th. =
6
π2
+ O(g3),
(24)RQ4,2(T )
∣∣
pert.th. =
34
15π2
+ O(g3).
These values are also shown as solid lines in Fig. 3.
4.2. Fluctuations in the QGP
The considerations presented in the previous section for
hadrons below Tc carry over to any thermodynamic system con-
taining heavy quasi-particle states that are build up from quarks
S. Ejiri et al. / Physics Letters B 633 (2006) 275–282 281and gluons. As long as their masses are significantly larger
than Tc , their contribution to the thermodynamics can be treated
within the Boltzmann approximation. States with mass mi con-
taining a net number of ku up quarks and kd down quarks will
contribute to the pressure of the system with
(25)pi
T 4
= F(T ,mi) cosh(kuµu + kdµd),
where F(T ,mi) is given by Eq. (14), i.e., it again combines the
contribution of a particle and its antiparticle.
A model containing heavy coloured bound states above Tc
has been put forward by Shuryak and Zahed [11] to explain
the experimental evidence for strong interactions in the hot and
dense medium of quarks and gluons created in heavy-ion colli-
sions at RHIC. In the strongly coupled QGP model (sQGP), it is
assumed that, in addition to heavy quasi-particles (quarks and
gluons with large thermal masses) [21–26], also a large num-
ber of coloured bound states contribute to the thermodynamics
in the high-temperature phase of QCD. The model suggests,
that aside from states carrying net quark number 1 and charge
Q = 1/3 and 2/3 there will also be states with net quark num-
ber 2 and charge Q = 1 and 4/3 contributing to the thermody-
namics in the QGP. From the discussion given in the previous
section it should be obvious that this must have consequences
for quark number and charge fluctuations in the QGP and the
ratios Rq4,2 and R
Q
4,2 should be sensitive to these new states.
The lattice results shown in Fig. 3, can thus put bounds on their
relative abundance.
For our discussion of baryon number and charge fluctua-
tions, the quark–quark and quark–gluon bound states are of
particular interest. The sQGP model suggests that the latter melt
at Tmelt ≡ Tqg  2Tc while the former are only weakly bound
and melt already at Tmelt ≡ Tqq  1.4Tc [11,12]. It has been ar-
gued in Ref. [11] that the gradual disappearance of these states
could be taken into account by reducing their contribution to the
thermodynamic potential with increasing temperature. For the
corresponding weight factor, we will use here the parametrisa-
tion introduced in Ref. [11]:
(26)RC(T ,Tmelt) = 11 + exp(C(T − Tmelt)/Tc) ,
where C controls the temperature interval over which the con-
tribution of a given bound state to the partition function gradu-
ally disappears.
In order to estimate the contribution of coloured states to
the fluctuations of baryon number and charge, we consider the
contribution of these states to the density-, (chemical potential)-
dependent part of the pressure,
p
T 4
= 1
2
(
Fq(T ) + R2(T ,2)Fqg(T )
)
× (cosh(µu/T ) + cosh(µd/T ))
+ 1
3
RC(T ,1.4)Fqq(T )
(
cosh(2µu/T ) + cosh(2µd/T )
(27)+ cosh((µu + µd)/T )),
where we again used the Boltzmann approximation as all states
are expected to have masses mi  10Tc [11]. We will approxi-mate the masses of quark–gluon and quark–quark bound states
as twice the quasi-particle mass of quarks, and will thus neglect
mass shifts arising from a non-vanishing binding energy. More-
over, we used C = 2 for the quark–gluon bound states [11] and
will here only discuss the contribution of quark–quark bound
states as a function of RC . With this we can estimate the contri-
bution of quark–quark states to the quadratic and quartic quark
number and charge fluctuations introduced in Eq. (5):
d
q
2 = Fq(T ) +
(
R2(T ,2)Fqg(T ) + 4RC(T ,1.4)Fqq(T )
)
,
(28)dq4 = Fq(T ) +
(
R2(T ,2)Fqg(T ) + 16RC(T ,1.4)Fqq(T )
)
,
and
d
Q
2 =
1
9
[
5
2
Fq(T ) +
(
5
2
R2(T ,2)Fqg(T )
+ 11
2
RC(T ,1.4)Fqq(T )
)]
,
d
Q
4 =
1
81
[
17
2
Fq(T ) +
(
17
2
R2(T ,2)Fqg(T )
(29)+ 137
2
RC(T ,1.4)Fqq(T )
)]
.
Apparently, both ratios Rq,Q4,2 are enhanced over the correspond-
ing ratios that would only contain states with the quantum
number of quarks4 owing to the presence of states that carry
two units of quark number. Assuming that the coloured bound
state masses are about twice as large as the quasi-particle quark
masses, we find at the melting temperature of the quark–quark
states Rq4,2 = 1.55 and RQ4,2 = 0.52. These values are shown as
the dashed lines in Fig. 3. How quickly this enhancement dis-
appears at larger temperature depends on the precise choice of
the suppression factor RC . At Tmelt  1.4Tc, the contribution of
quark–quark states should be suppressed below 10% of that of
an ordinary bound state (RC  0.1) in order to be compatible
with the lattice results. This also could mean that the melting
temperature is substantially smaller (Tmelt  1.1Tc).
We also note that the perturbative values given in Eq. (24)
are obtained for a massless quarks–antiquarks (fermion) gas.
These ratios are smaller by about 50% than the corresponding
values in the Boltzmann approximation. This indicates the un-
certainties inherent in the estimates given above and suggests
that if coloured bound states exist in the QGP and contribute
to the thermodynamics, this presumably has to be discussed in
terms of a more complex interaction pattern, which also takes
into account quantum effects.
5. Conclusions
We have discussed some generic features of quark number,
isospin and charge fluctuations in 2-flavour QCD. We argue
that the ratio of quartic and quadratic fluctuations are sensitive
4 Note that this latter ratio could also include a contribution from quark–gluon
bound states. Moreover, the observables discussed here are insensitive to the
presence of coloured quark–antiquark bound states, which could exist in the
QGP [11].
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stituents of the thermal medium that carry net quark number
and electric charge, respectively. We have shown that these ra-
tios, below the QCD transition temperatures, are in reasonable
agreement with a hadronic resonance gas. Above Tc the ratios
rapidly drop and approach the high-temperature ideal-gas val-
ues. This suggests that, already for T  1.5Tc quark number
and charge are predominantly carried by states with the quan-
tum number of quarks. This leaves little room for the contribu-
tion of quark–quark bound states. It is conceivable that these
constraints would be even more stringent in 3-flavour QCD
calculations, as the relevant states in the sQGP model are pro-
portional to n2f while the relevant degrees of freedom in the
(perturbative) high-temperature limit of QCD are only propor-
tional to nf . A similar conclusion on the incompatibility of the
sQGP model with lattice results on hadronic fluctuations has
been drawn recently in [27].
It would, of course, be interesting to verify these results in
experimental studies of event-by-event fluctuations [28,29] of
baryon number or charge. However, if indeed the medium cre-
ated in a heavy-ion collision is strongly interacting and rapidly
equilibrates there is little hope to find evidence for fluctuations
originate from the QGP. At best, one may hope to study the
quadratic and quartic fluctuations at freeze-out. Also this, how-
ever, would be interesting, as the observation of the importance
of doubly charged hadrons leading to RQ4,2  1.5 could give fur-
ther support to the validity of the resonance gas model.
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